Minidisks in Binary Black Hole Accretion by Ryan, Geoffrey & MacFadyen, Andrew
Draft version March 29, 2018
Preprint typeset using LATEX style emulateapj v. 5/2/11
MINIDISKS IN BINARY BLACK HOLE ACCRETION
Geoffrey Ryan1,a and Andrew MacFadyen1
Draft version March 29, 2018
ABSTRACT
Newtonian simulations have demonstrated that accretion onto binary black holes produces accre-
tion disks around each black hole (“minidisks”), fed by gas streams flowing through the circumbinary
cavity from the surrounding circumbinary disk. We study the dynamics and radiation of an individual
black hole minidisk using 2D hydrodynamical simulations performed with a new general relativistic
version of the moving-mesh code Disco. We introduce a comoving energy variable that enables highly
accurate integration of these high Mach number flows. Tidally induced spiral shock waves are excited
in the disk and propagate through the innermost stable circular orbit, providing a Reynolds stress that
causes efficient accretion by purely hydrodynamic means and producing a radiative signature brighter
in hard X-rays than the Novikov–Thorne model. Disk cooling is provided by a local blackbody pre-
scription that allows the disk to evolve self-consistently to a temperature profile where hydrodynamic
heating is balanced by radiative cooling. We find that the spiral shock structure is in agreement with
the relativistic dispersion relation for tightly wound linear waves. We measure the shock-induced dis-
sipation and find outward angular momentum transport corresponding to an effective alpha parameter
of order 0.01. We perform ray-tracing image calculations from the simulations to produce theoretical
minidisk spectra and viewing-angle-dependent images for comparison with observations.
1. INTRODUCTION
Supermassive black hole binaries (SMBHBs) are ex-
pected to form after mergers of galaxies during hierarchi-
cal structure formation. The binaries settle to the center
of the merger remnant and are expected to be embedded
in gas. Gaseous accretion onto black hole binaries is thus
a problem of compelling interest for understanding the
dynamics and radiation of merging black holes. Pulsar
timing array (PTA) measurements have started to come
in tension with expected rates of nanohertz gravitational
wave (GW) emission from predicted populations of SMB-
HBs (Shannon et al. 2015). This raises the question of
whether SMBHBs merge at all or are driven through the
PTA band by interaction with ambient gas. Electromag-
netic (EM) or GW detection of an SMBHB could help
answer this question but requires a detailed understand-
ing of the complex dynamics of these systems. Graham
et al. (2015a) have recently claimed that a 5.2 yr peri-
odicity detected in Catalina Real-Time Transient Sur-
vey observations of the quasar PG 1302 corresponds to
a black hole binary with mass 108−9M and separation
∼ 10−2 pc (see also Graham et al. 2015b).
Black hole binaries also form as the evolutionary end-
point of massive star binaries or by capture in dense stel-
lar environments. The recent LIGO detection of GWs
from stellar-mass binary black holes calls attention to
the dynamics of binary evolution in this mass range. In
particular, if gas is present during some phase of these
systems, circumbinary accretion will occur and may ef-
fect the orbital evolution or lead to the production of an
electromagnetic counterpart (Bartos et al. 2016; Perna
et al. 2016)
Analytic treatments (Artymowicz & Lubow 1994;
Milosavljevic´ & Phinney 2005; Shapiro 2010) predicted
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that binary black holes with sufficiently large mass ra-
tio embedded in gas disks would reside in a circumbi-
nary cavity of radius twice the binary separation a main-
tained by tidal torques. It was thought that these torques
prevented accretion onto the black holes. However,
multidimensional numerical simulations (MacFadyen &
Milosavljevic´ 2008; Noble et al. 2012; Farris et al. 2012;
D’Orazio et al. 2013; Gold et al. 2014; Farris et al.
2014, 2015b,a; Shi & Krolik 2015; Bankert et al. 2015;
Schnittman & Krolik 2015; del Valle & Escala 2015;
Young & Clarke 2015; D’Orazio et al. 2016; Mun˜oz &
Lai 2016; Miranda et al. 2017) have demonstrated that
gas streams enter the circumbinary cavity and feed ac-
cretion disks around each of the individual black holes.
We term these disks “minidisks.” These simulations find
that accretion is not significantly suppressed compared
to the accretion rate expected for a single black hole with
the binary mass (Farris et al. 2014; Shi & Krolik 2015).
Electromagnetic emission from the minidisk may be of
importance for identifying SMBHBs through the spec-
tral energy distribution (SED) of observed active galactic
nuclei (AGNs). Roedig et al. (2014) predict a notch in
the SED appearing between characteristic photon energy
corresponding to the circumbinary disk and the mini-
disks. It is therefore of importance to carefully calculate
minidisk emission models as searches for SMBHBs con-
tinue (Runnoe et al. 2015; Li et al. 2016; Charisi et al.
2016).
Due to the large dynamic range of length scales re-
quired for this problem, global simulations of these disks
have been restricted to those that either excise the cavity
completely or employ mass sinks with approximate accre-
tion prescriptions. This is necessary to prevent artificial
accumulation of mass near each black hole, but it wipes
out all detailed structure of the minidisks themselves.
In this work we present the results of 2D inviscid gen-
eral relativistic hydrodynamic (GRHD) simulations of
accretion disks around an individual member of a black
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2hole binary. These simulations focus on the minidisks
seen in global circumbinary accretion simulations and
can be seen as “zoomed-in” simulations of the hydro-
dynamics in the immediate vicinity of one of the black
holes. These simulations serve a double purpose. First,
they provide a much better resolved view of minidisk
emission structure, helping to inform searches for EM
counterparts of SMBH binaries. Second, the detailed ac-
cretion dynamics can inform the accretion prescriptions
used in large-scale Newtonian simulations, facilitating
the approach to a global understanding of circumbinary
accretion.
Our GRHD simulations utilize Kerr–Schild coordi-
nates, which have the advantage that the inner edge
of the grid can be extended inside the event horizon of
the black hole, thus providing a physically realistic inner
boundary condition. In this study we consider the case
of nonrotating black holes in the Schwarzschild metric.
We find that minidisks accrete via ideal hydrodynami-
cal processes alone without the need for outward angular
momentum transport due to the magnetorotational in-
stability (MRI) often modeled with an α prescription.
This is due to the presence of spiral shocks excited by
the tidal forces of the binary companion. These shocks
heat the disk and provide an outward angular momentum
flux. We include local blackbody cooling with electron-
scattering opacity to remove shock-generated heat self-
consistently from the disk. This allows the disk to find
a natural temperature equilibrium and allows a direct
estimate of the SED.
The role of spiral shocks in transporting angular mo-
mentum has been a matter of discussion for many
decades. Early numerical work by Sawada et al. (1986)
and analytical work by Spruit (1987) established the gen-
eral picture: tidal forces from a binary companion excite
spiral density waves that carry negative angular momen-
tum and can steepen into shocks. The torque from spi-
ral shocks decreases with the scale height of the disk (or
equivalently with increasing disk Mach number M) and
is sensitive to the adiabatic index Γ of the gas. Later nu-
merical work confirmed these trends (Godon et al. 1998;
Blondin 2000). Recently, Rafikov (2016) has established
the torque-shock dissipation connection under a more
general framework. Ju et al. (2016) have examined accre-
tion due to spiral shocks in cataclysmic variables (CVs)
with 2D Newtonian hydrodynamics and 3D Newtonian
magnetohydrodynamics, Zhu et al. (2016) performed a
similar analysis with blackbody cooling in circumplane-
tary disks, and Bae et al. (2016) have investigated the
stability of spiral shocks in 3D Newtonian hydrodynam-
ics.
In environments with sufficiently hot gas or extreme
mass ratio binaries, it is possible that a cavity does not
form within the circumbinary disk (del Valle & Escala
2014, 2015). In such conditions the accretion near the
black holes will have very different structure than the
stream-fed minidisk picture under consideration here.
This work focuses on the case where the circumbinary
disk is sufficiently thin that a cavity has formed.
This paper is organized as follows: In Section 2 we
present the numerical setup used in the simulations—a
version of the Disco code modified to work in an arbi-
trary spacetime, with optimizations for thin relativistic
accretion disks including a carefully chosen energy vari-
able. In Section 3 we detail the minidisk models calcu-
lated. Section 4 introduces the fiducial run and details
the analysis performed. Section 5 applies the analysis
to all models, shows the effect of shocks on angular mo-
mentum transport, and calculates effective α values and
spectra. Results are discussed in Section 6 and the work
is summarized in Section 7.
2. NUMERICAL SETUP
The basis of our hydrodynamics scheme is the Disco
code, a moving-mesh hydrodynamics code optimized for
disk geometry. This code was first used in the context of
protoplanetary disks (Duffell & MacFadyen 2012, 2013;
Duffell et al. 2014) and later applied to circumbinary
accretion (Farris et al. 2014, 2015b,a).
In the present work we have extended the Disco code
to solve the GRHD equations in a fixed spacetime:
∇µρ0uµ = 0 and ∇µTµν = −Q˙uν , (1)
for a single species gas of rest-mass density ρ0, four-
velocity uµ, stress energy tensor Tµν and local isotropic
cooling Q˙.
To solve Equation (1) numerically, one must make
a choice of which elements of Tµν to be independent
variables. We follow the standard Valencia formulation
(Mart´ı et al. 1991; Banyuls et al. 1997; Font 2008 and
implemented in, e.g. Gammie et al. 2003 and Duez
et al. 2005) for the momentum variables T 0i and choose
an energy variable projected onto an analytically speci-
fied four-velocity Uµ: −UµTµ0. In terms of coordinate
derivatives Equation (1) takes the standard flux-balanced
conservation form
∂0U + ∂jF j = S, (2)
with conserved variables
U =
(
D
Si
τU
)
=
√−g
 ρ0u0T 0i
−UµT 0µ − ρ0u0
 , (3)
fluxes
F j = √−g
 ρ0ujT ji−UµT jµ
 , (4)
and source terms
S = √−g
 01
2T
µν∂igµν − Q˙ui
Tµν∇µUν + UµuµQ˙
 . (5)
In this work we assume an ideal gas with stress tensor
Tµν = ρ0hu
µuν + Pgµν , (6)
where P is the gas pressure, h = 1 +  + P/ρ0 is the
relativistic specific enthalpy, and  is the specific internal
energy. Furthermore, we assume the gamma-law equa-
tion of state
P = (Γ− 1)ρ0, (7)
where the adiabatic index Γ is chosen to be 5/3 in accor-
dance with Farris et al. (2014).
Disco is a Godunov-type code that solves hyperbolic
systems of equations of the form (2) on a moving mesh
in cylindrical coordinates (r, φ, z). The mesh motion is
3restricted to be in the φ-direction, which greatly reduces
numerical viscosity and advection errors due to bulk az-
imuthal flow. In this work, the velocities of cell interfaces
are fixed to V φ ≡ Uφ/U0.
Disco is second-order accurate in time and space. It
uses the piecewise linear method (PLM) to interpolate
the cell-centered primitive values to the cell interfaces
for the Riemann fluxes. The relativistic Harten–Lax–
van Leer–Contact (HLLC) approximate Riemann solver
(Mignone & Bodo 2005) is employed to calculate inter-
cell fluxes, and the time evolution is performed via the
second-order total variation diminishing Runge-Kutta
(RK2-TVD) algorithm of Gottlieb & Shu (1998). The
time step is Courant limited with a typical Courant fac-
tor limit of 0.1.
All simulations in this work are performed in two spa-
tial dimensions (r and φ) using vertically integrated fluid
quantities and metric terms evaluated on the equator
z = 0. We denote the surface density as Σ0 =
∫
dzρ0
and the vertically integrated pressure as Π =
∫
dzP .
2.1. The Energy Variable τU
Thin accretion disks are highly supersonic, with Mach
number M = uφˆ√1− c2s/cs  1, where cs = √ΓP/ρ0h
is the sound speed. This is a challenge for hydrody-
namics codes, as the specific internal energy  ∼ c2s
while the specific kinetic energy w − 1 ∼ u˜2, giving
/(w− 1) ∼ O(M−2). For hydrodynamics codes written
in flux conservative form (2), the energy variable must
necessarily contain both the kinetic and internal energies.
However, the kinetic energy is due to the bulk motion of
the fluid and largely determined by the momentum equa-
tions (for Newtonian codes this is exactly true). The
energy equation is solved exclusively to track the inter-
nal energy of the fluid. For supersonic flows the internal
energy is a small contribution to the total energy. This
makes the internal energy subject to much larger round-
off errors than the other fluid quantities, leading to loss
of accuracy.
Several schemes exist to combat this issue (Masset
2000). The Newtonian Disco code includes the option
to specify an exact rotation profile Ω(r), and chooses as
its energy variable 12ρv
2
r +
1
2ρ(vφ−rΩ)2 +ρ; subtracting
the kinetic energy associated with Ω. This introduces
source terms in the energy equation proportional to ∂rΩ,
which are exactly known since Ω(r) is exactly specified.
When Ω is chosen close to the fluid vφ/r this subtraction
allows for accurate evolution of the internal energy even
for very thin (high-M) disks (Duffell 2016).
We choose an energy variable τU that is the relativistic
analog to the Newtonian scheme. Subtracting the kinetic
energy associated with some bulk motion can be seen
as simply measuring the energy in a particular frame.
We specify an exactly known four-velocity Uµ(xν) chosen
to be near the bulk fluid velocity and define the energy
as the projection of the stress energy tensor onto this
time-like vector −UµTµ0. We also perform the standard
operation of subtracting the rest-mass energy from the
total energy to arrive at our energy variable:
τU = −UµTµ0 −D . (8)
This is very similar to the energy variable τ used by
(Gammie et al. 2003; Duez et al. 2005):
τ = −nµTµ0 −D , (9)
where nµ is the unit time-like normal vector. In fact,
the choice of Equation (9) can be seen as just making
the choice to measure energy with respect to normal ob-
servers. It is easy to determine:
τU +D = W (τ +D)− γijUiSj , (10)
where W = −nµUµ is the U Lorentz factor in the coor-
dinate frame and γij is the inverse spatial metric.
If Uµ is chosen sufficiently close to the fluid velocity,
then the dominant component of τU will be the internal
energy. In the case of a thin accretion disk around a black
hole, we use a Uµ that is Keplerian outside the innermost
stable circular orbit (ISCO) and smoothly plunging in-
side. For a Schwarzschild black hole of mass M this takes
the form (in Schwarzschild coordinates)
U0 =

2
√
2/3
1−2M/r r < 6M
1√
1−3M/r r > 6M
,
Ur =
{
− 13
√
6M
r − 1 r < 6M
0 r > 6M
,
Uφ =
{
2
√
3M
r2 r < 6M√
M/r3
1−3M/r r > 6M
. (11)
We find using τU instead of τ to be essential for ac-
curately evolving thin disks with even moderate Mach
numbers.
2.2. Radiative Cooling
We restrict our attention to optically thick disks, where
radiative cooling occurs at the local blackbody rate.
We impose a cooling function (Novikov & Thorne 1973;
Frank et al. 2002):
Q˙ =
8
3
σSBT
4
κΣ
, (12)
where σSB is the Stefan–Boltzmann constant, T =
mpΠ/Σ is the gas temperature (assuming pure hydro-
gen), and κ is the opacity. We assume that the dom-
inant opacity is due to electron scattering and take
κ = κes = 0.4cm
2/g.
The cooling time scale can be much shorter than the
local hydrodynamic time scale. To avoid severe restric-
tions on the global time step, we use operator splitting to
separate the hydrodynamic and cooling evolutions. Since
time evolution in Disco is performed via the method of
lines, it is sufficient to prescribe the split scheme to first
order in time.
Since the cooling is isotropic to first order in time, it
only affects the internal energy of the gas, having no
effect on either the surface density or fluid velocity. As
such, for our cooling operator we solve a simple evolution
equation for the temperature, leaving Σ and uµ constant.
The change in the conserved variables ∆Ucool due to the
temperature change alone is added to the change from
the hydrodynamic evolution.
4Schematically, a first-order time step for a single cell
begins with primitive variables Pi and conservative vari-
ables U i = U(Pi). Over a time step ∆t the hydro rou-
tines (Riemann fluxes and geometric source terms) add
∆U ihydro. The cooling scheme evolves the initial tem-
perature T i to a new temperature T ′ and calculates the
change ∆U icool = U(T ′) − U i, where U(T ′) is calculated
using the initial values of Σ and uµ. The evolved conser-
vative variables are updated using the sum of the hydro
and cooling contributions:
U i+1 = U i + ∆U ihydro + ∆U icool . (13)
The primitive variables are then calculated accordingly:
Pi+1 = P(U i+1).
The temperature evolution equation used to calculate
∆Ucool, is found from the energy equation obtained by
projecting Equation (1) onto the velocity uµ.
Σuµ∇µ = Π∇µuµ − Q˙ . (14)
Neglecting the advection and adiabatic expansion effects
of the hydrodynamic evolution during the time step, we
are left with a simple equation for the specific internal
energy:
∂t ≈ − 1
Σu0
Q˙ . (15)
Assuming that Σ and uµ are constant during the time
step gives the following equation for the temperature evo-
lution due to cooling:
∂tT = −
(
∂
∂T
)−1
Σ
Q˙
Σu0
. (16)
In the simple case of blackbody cooling (12) with a con-
stant opacity κes and equation of state (7) we can inte-
grate Equation (16) exactly. Integrating from T to T ′
over ∆t gives
T ′ = T
(
1 + 8(Γ− 1) σSBT
3
κesΣ2u0
∆t
)−1/3
. (17)
The adoption of Equation (13) with Equation (17) makes
for an efficient and stable cooling scheme, allowing
time steps limited only by the Courant–Friedrichs–Lewy
(CFL) condition of the hydrodynamic scheme.
2.3. Reference Frame and Tidal Forces
We perform all simulations in a frame co-orbiting with
the secondary black hole. In this frame the dominant
contribution to the metric is that of the secondary black
hole itself, which we take to be the Schwarzschild metric
of mass M in Kerr–Schild coordinates. We then perform
a coordinate transformation to a frame rigidly rotating
with the binary frequency Ωbin, which is equivalent to
adding a shift βφ = Ωbin to the metric. This shift auto-
matically adds both Coriolis and centrifugal forces to the
equations of motion for the gas. The resultant metric is
described by the lapse α, shift βi, and spatial metric γij :
α =
1√
1 + 2M/r
(18)
βi =
(
2M/r
1+2M/r Ωbin
)
(19)
γij =
(
1 + 2M/r 0
0 r2
)
(20)
Incorporating the tidal forces due to the primary can-
not be done exactly, as there is no exact metric for an
orbiting binary black hole. We make a pragmatic choice
and include the effects of the primary by adding an ex-
ternal force field to Equation (1):
∇µTµν = −Q˙uν + fν . (21)
This modifies Equation (5) as:
S = √−g
 01
2T
µν∂igµν − Q˙ui + fi
Tµν∇µUν + UµuµQ˙− Uµfµ
 . (22)
This prescription, with an appropriately chosen fµ, cap-
tures the main effect of the companion black hole at large
binary separation: tidal forces perturbing particle or-
bits. Relativistic effects, such as an increased redshift
for gas nearer the primary or perturbation of the sec-
ondary’s horizon, are lost. However, we believe this ap-
proximation to be valid when the binary separation is
large: a/Mbin  1 and the gravitational field of the pri-
mary varies slowly over the domain, or q  1, where
q = MS/MP is the mass ratio and MP and MS are the
masses of the primary and secondary black holes, respec-
tively.
We calculate the spatial components fi from the New-
tonian potential ΦN . In Cartesian coordinates ~x =
(r cosφ, r sinφ) the primary black hole of mass MP is
located at ~a = (−a, 0). In the frame of the secondary the
potential is
ΦN = − MP|~x− ~a| +
MP
a3
~a · ~x , (23)
where the first term is the gravitational potential of the
primary and the second is due to the orbital motion of
the origin of the co-orbiting reference frame. The force
fi is then the gradient of Equation (23), multiplied by
the appropriate energy density:
fr = Σh(u
0)2 (− cos(φ)∂x − sin(φ)∂y) ΦN ,
fφ = rΣh(u
0)2 (sin(φ)∂x − cos(φ)∂y) ΦN .
(24)
Requiring that the force be orthogonal to the velocity,
uµfµ = 0, then gives f0 = −vifi, completing the pre-
scription of fµ. This last condition follows from rela-
tivistic dynamics and ensures that the source term (22)
provides no heating or cooling to the gas.
3. MINIDISK MODELS
Analysis of circumbinary accretion predicted a cavity
to form within r < 2a, where a is the binary separa-
tion (Milosavljevic´ & Phinney 2005). Global Newtonian
hydrodynamics simulations confirmed the existence of a
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Fig. 1.— Global sketch of circumbinary accretion. Shown is
a binary black hole system (black dots) with orbital separation a
surrounded by a circumbinary gaseous disk (gray solid). A cav-
ity of radius 2a is cleared, and streams from the cavity wall feed
“minidisks” around each black hole. The L1 and L2 Roche curves
are plotted as dotted black lines. The gas streams enter the vicin-
ity of each black hole through the L2 and L3 Lagrange points.
A gaseous “bridge” is seen to exchange gas between minidisks in
global Newtonian simulations; for simplicity we do not consider it
in this work. The circular computational domain (thick blue cir-
cle) is centered around the secondary black hole and extends to
the L2 Lagrange point. Arrows denote the rotation direction of
the system; the computational domain co-rotates with the binary.
At the boundary near the incoming stream (thick orange rectan-
gle) a nozzle boundary condition with constant mass injection rate
M˙nozzle is enforced. Elsewhere the boundary is a diode.
cavity but also demonstrated the presence of minidisks
around each member of the binary. These minidisks are
fed by streams coming from the cavity wall, revealing
the essential role nonaxisymmetry plays in accreting bi-
nary systems (Farris et al. 2014). This general picture is
sketched in Figure 1 with the simulation domain.
To model the growth and structure of minidisks, we
must specify both the parameters of the binary black
hole system and the accretion stream. The overall mass
scale of the binary Mbin = MP + MS sets the overall
length scale for the system. Since we focus on a minidisk
around the secondary black hole, we express all lengths
in terms of M = MS . Since we work in units where c = 1,
this also sets the fundamental time scale of the system.
The use of physical constants in the cooling prescription
(12) introduces a mass scale m¯ = into the system, which
scales with M as m¯ ∝M5/2.
Our implementation of frame and tidal forces (see Sec-
tion 2.3) restricts our analysis to large binary separa-
tions a and small mass ratios q. We fix q = 0.11 and
a = 100Mbin ≈ 1000M for all runs, which satisfies these
requirements. At this separation the corrections to our
tidal force prescription are at most O(MP /a) ∼ 1%, but
the orbital time scale is still in an accessible regime. The
orbital angular velocity is Ωbin =
√
Mbin/a3 ≈ 10−4M−1
and the orbital period is Tbin = 2pi/Ωbin ≈ 2pi × 104M .
A circular binary emits GWs that carry away energy
and angular momentum and eventually lead to merger.
The time for a circular binary to merge (Peters 1964), in
units of the initial orbital period, is
Tmerge/Tbin =
5
512pi
(1 + q)2
q
(
a
Mbin
)5/2
. (25)
For the system we consider a = 100Mbin and q = 0.1,
so Tmerger ≈ 3.7 × 103Tbin. The simulations run for
≈ 30Tbin, so we do not include evolution of the binary
orbital parameters at this time.
We model the accretion streams as radial infall through
the L2 Lagrange point of the binary, based on global
Newtonian simulations of circumbinary accretion (Far-
ris et al. 2014, 2015b,a; D’Orazio et al. 2013, 2016).
The radial velocity is set to be vr = −1/2vbin, where
vbin =
√
Mbin/a ≈ 0.1 is the binary orbital velocity.
The angular velocity of the stream is zero in the co-
rotating frame. Since the streams are ballistic, the sound
speed should be significantly less than the stream veloc-
ity. To ensure this, we set the pressure in the stream as
Π = 5 × 10−6Σ. Several values of this parameter were
used during testing; we found that they did not affect the
resulting minidisk. Rather, shock heating and radiative
cooling allow the gas to find its own equilibrium temper-
ature once it is incorporated into the disk. The stream
is given a width of ∆φ = 0.4 rad, approximately that of
the streams seen in global Newtonian simulations Farris
et al. (2014).
The density in the nozzle is set by the accretion rate
M˙ , the main parameter of interest in this study. The
inclusion of dimensionfull κ and σSB parameters in the
cooling term breaks the scale invariance of mass energy
that would otherwise be present. Streams of different M˙
will cool at different rates relative to the orbital period
Tbin, leading to hotter or cooler disks. The density in the
stream has a profile Σ ∝ cos2(piφ/∆φ), with the normal-
ization set to match the total accretion rate of specified
M˙ .
The numerical grid is centered on the secondary black
hole and extends from rin = 4M to RL2 ≈ 358M , the
radius of the L2 Lagrange point. Radial zones are dis-
tributed logarithmically, and azimuthal zones are placed
to keep the aspect ratio of cells close to unity. The
stream extends over φ ∈ [−∆φ/2,∆φ/2]rad, boundary
cells within the stream are fixed to their local stream
values. On the outer boundary away from the stream
a diode boundary condition is used: zero gradient in all
fluid variables with the radial velocity restricted to be
positive or zero.
At the inner boundary a hybrid boundary condition
is used. The fluid velocity is set to be exactly as
given in Equation (11), appropriate for ballistic mat-
ter infalling on geodesics. The density is set to be
Σ = −M˙/rUr∆φcell, where M˙ is calculated from the
innermost non-boundary annulus and ∆φcell is the angu-
lar width of the cell. Given Σ, the pressure Π is set to
ensure isentropic infall.
Although the inner boundary is outside the event hori-
zon, we find that it does not affect the evolution of the
system. This is because it is still inside the sonic ra-
dius of the flow, so no information can propagate out to
the minidisk itself. See the discussion in Section 5.5 and
Figure 19 for details. The CFL limited time step ∆t is
controlled by the innermost zones of the grid, where the
6TABLE 1
Minidisk Models
Name M˙a rin q Nr Tstart
b Tend
b
Model 1 1.9× 103 4M 0.11 256 0 29
Model 1.5 5.8× 102 4M 0.11 256 0 29
Model 2 1.9× 102 4M 0.11 256 0 29
Model 2.5 5.8× 101 4M 0.11 256 0 25
Model 3 1.9× 101 4M 0.11 256 0 29
Model 2-hr 1.9× 102 4M 0.11 512 28 32
Model 2-bc 1.9× 102 1.8M 0.11 256 25 26
a M˙ is given in code units and scales as M3/2.
b Tstart and Tend are given in units of Tbin.
radial velocity is large (due to the black hole) and the
cells are narrow. Placing the inner boundary above the
event horizon allows for much larger time steps than oth-
erwise possible; keeping it below the sonic point ensures
the fidelity of the simulation. We found rin = 4M to be
a good choice.
The initial condition for each minidisk is an α = 10−3
Novikov–Thorne accretion disk with M˙ set equal to the
nozzle rate (Novikov & Thorne 1973).
The five primary minidisk models in this study are
summarized in Table 1. The accretion rate is given in
code units, which scale as M3/2. If M = M, the accre-
tion rate for Model 2 corresponds to 2 × 10−3Myr−1.
At this scale Tbin = 0.3 s and Tmerge = 20 minutes. For
an SMBHB with Mbin = 10
6M, Tbin = 8.6 hr and
Tmerge = 3.7 yr. Two tests, Models 2-hr and 2-bc, were
run to check dependence on numerical resolution and the
inner boundary condition, respectively. Due to resource
constraints, Model 2-bc was only run for a single orbit,
and Model 2-hr for four orbits.
3.1. Fiducial Run
We take the M˙ = 2 × 10−3Myr−1 model (Model 2)
as our fiducial run. The accretion rate through the inner
(r = 4M) and outer (r = rL2) boundaries is plotted as
a function of time in Figure 2. The initial disk has a
surface density much higher than the stream from L2
(Figure 3). In the first orbit the initial disk develops its
own tightly wound two-armed spiral as the gas in the
outer radii is flung away. The two-armed spiral begins
tightly wound and diffuse, but quickly sharpens into a
shock and begins to open as the disk heats (Figure 4).
Some gas flung to the boundary falls back, and accretion
proceeds in clumps for the first two orbits (Figure 5).
After two orbits, the bulk of the initial disk has either
been accreted or thrown out the outer boundary. As
the remaining disk accretes, it becomes more diffuse and
cools, the spiral shocks tighten, and the accretion rate
drops (Figure 6).
At t ∼ 8Tbin the accretion rate through the disk be-
comes comparable to the stream. For the next eight
orbits a complicated and turbulent interaction occurs
between the disk and stream. The stream begins wob-
bling and sending gas to the disk in clumps. Clumps
execute an orbit of the black hole and collide with the
original stream, causing it to wobble further, producing
more clumps. The clumps are sheared by the accretion
flow, and after many orbits within the disk, they are ac-
creted. The spiral shocks retain their structure through
the clumpy accretion (Figure 7).
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Fig. 2.— Time series of the accretion rate (measured as a fraction
of the nozzle mass injection rate) through the inner (blue) and outer
(orange) boundaries of Model 2. After ∼ 17 orbits the inner and
outer accretion rates balance, indicating the onset of a quasi-steady
state.
Fig. 3.— Initial surface density for fiducial minidisk. Magenta
dashed lines are level curves of the Roche potential corresponding
to the L1 and L2 Lagrange points.
Fig. 4.— Same as Figure 3, but at t = 1/2 Tbin. The initial disk
quickly develops spiral shocks.
At t ∼ 17Tbin the disk–stream interaction stabilizes
and the disk reaches a quasi-steady state. The accretion
rate through the inner boundary matches the inflow rate
through the outer boundary, and the two-armed spiral
shocks lock into a constant pattern. Small-scale flows
still occur as gas slowly redistributes within the disk,
relaxing to a true steady state. The simulation ends at
7Fig. 5.— Same as Figure 3, but at t = 2Tbin. Accretion proceeds
in clumps as gas from the initial disk is either thrown out of the
domain or falls into the black hole.
Fig. 6.— Same as Figure 3, but at t = 5Tbin. Most of the initial
gas has left. The accretion rate drops as the disk cools.
Fig. 7.— Same as Figure 3, but at t = 13Tbin. Variability sets
in as the disk begins interacting dynamically with the accretion
stream.
T ∼ 30Tbin (Figure 8), before this secular evolution ends.
4. ANALYSIS
4.1. Shock Detection
To characterize the role of spiral shocks, we first must
find them in the simulation output. We use a modi-
fied version of the relativistic shock detector presented
in Zanotti et al. (2010). The basic algorithm classifies
adjacent zones (e.g. in the φ direction) by considering
the Riemann problem at their interface. Interfaces are
classified as shocks if the Riemann problem solution re-
quires at least one shock. We find this to be too sensitive
a criterion, so we add additional constraints for an inter-
face to be considered a shock.
In the simple algorithm, first the relative normal veloc-
ity v12 is calculated. Assuming φ-separated cells 1 and 2
with Π1 > Π2, this is
v12 =
vφˆ1 − vφˆ2
1− vφˆ1 vφˆ2
. (26)
In the above vφˆ is the azimuthal 3-velocity in an or-
thonormal frame. The relative velocity v12 is compared
to the critical velocity (v˜12)RS :
(v12)RS = tanh
∫ Π2
Π1
√
h(Π)2 +A21(1− cs(Π)2)
(h(Π)2 +A21)Σ(Π)cs(Π)
dΠ .
(27)
In the integral in Equation (27), thermodynamic quan-
tities h, cs, and Σ are calculated at the specific entropy
s1 of cell 1 and A1 = h1urˆ1. This velocity is the largest
normal velocity that a single rarefaction wave can pro-
vide between cells 1 and 2 (Rezzolla et al. 2003). If
v12 > (v˜12)RS a shock is necessarily present.
We find the criterion v12 > (v˜12)RS alone to be far too
sensitive, so to consider an interface a shock, we require
v12−(v˜12)RS > ∆vamb, where ∆vamb is a threshold value.
Lastly, we require the specific entropy to increase in the
direction of the flow: uφ∂φs > 0.
Our full shock detector algorithm runs on each annu-
lus of the computational grid. Since the shocks tend to
have small pitch angles, they have small radial width but
may extend over a few zones azimuthally. The algorithm
identifies all zones in the annulus separated by a shock
via our criteria above and groups them into contiguous
segments. The two segments with the largest values of
v12− (v˜12)RS are classified as the shocks. The threshold
∆vamb is set for each annulus to be the larger of 0 or
the fourth-largest maxima of v12− (v˜12)RS . We find this
value to have good discriminatory power for these runs,
picking out the shocks but ignoring the ambient flow.
The final output of the shock detector is the position
Φ(r) for the leading and trailing edge of both shock waves
at each annulus of the computational grid.
4.2. Wave Propagation
A linear perturbation to a fluid quantity of azimuthal
mode m and pattern speed ΩP can be written as
δX(t, r, φ) = X˜m,ω(r) exp
(
i
∫
r
k(r)dr + im(φ− ΩP t)
)
.
(28)
Such perturbations are spirals with pitch angle
tan θ = m/kr . (29)
The hydrodynamics equations for such a mode reduce
to a system of ordinary differential equations in the radial
coordinate r. In the ‘tight winding’ limit k  X˜ ′/X˜, the
perturbation is highly oscillatory, and the WKB approx-
imation may be used to yield the well-known (Binney
& Tremaine 2008) dispersion relation for tightly wound
waves in a Newtonian gaseous disk:
8Fig. 8.— Same as Figure 3, but at t = 28Tbin. The disk in a quasi-steady state.
Ω2 −m2(Ω− ΩP )2 + c2sk2 = 0 . (30)
The generalization of Equation (30) to a disk in the
Schwarzschild metric is straightforward (Perez et al.
1997). The background state is a steady thin disk of
sound speed cs  1 and velocity given by Equation (11)
in the region r > rISCO. Assuming that the perturba-
tion is adiabatic, tightly wound, and neglecting vertical
structure leads to the dispersion relation for relativistic
p-modes (Abramowicz & Fragile 2013):(
1− 6M
r
)(
Uφ
)2 −m2(Uφ − U0ΩP )2 + grrc2sk2 = 0 .
(31)
In Schwarzschild coordinates the perturbation remains a
spiral with pitch angle (29). The dispersion relation can
be solved for the radial wavenumber k yielding
tan θ =
(
rUφ
cs
)−1(
1− 2M
r
) 1
2
(32)
×
((
1− U
0ΩP
Uφ
)2
− 1
m2
(
1− 6M
r
))− 12
.
Shocks, of course, are intrinsically nonlinear perturba-
tions to a fluid flow. Weak shocks, however, travel very
near the local sound speed and can be approximated
as linear waves. The degree to which spiral shocks in
the minidisks satisfy Equation (32) can be used to gauge
their nonlinearity.
4.3. Angular Momentum Decomposition
A detailed look at the angular momentum transport
due to spiral shocks requires a decomposition of the vari-
ous torques acting on the system. Defining angular inte-
grated quantities as 〈·〉 = ∫ dφ√−g(·), we can write ef-
fective 1D continuity and angular momentum equations
(1) in a coordinate frame:
∂t
〈
Σu0
〉
+ ∂r 〈Σur〉 = 0 , (33)
∂t
〈
Σhu0uφ
〉
+ ∂r 〈Σhuruφ〉 = 〈fφ〉 −
〈
uφQ˙cool
〉
.
We can decompose Equation (33) by separating the part
that strictly obeys the continuity equation. First, define
〈Σhuµuφ〉Re = 〈Σhuµuφ〉 − 〈Σuµ〉 ` ,
` =
〈
Σhu0uφ
〉
〈Σu0〉 .
We can then write angular momentum conservation as
〈Σuµ〉 ∂µ`+ ∂µ 〈Σhuµuφ〉Re = 〈fφ〉 − 〈uφQ˙cool〉 , (34)
or〈
Σu0
〉
∂t` = M˙∂r`− ∂r 〈Σhuruφ〉Re + 〈fφ〉 − 〈uφQ˙cool〉 ,
≡ τM˙ + τRe + τext + τcool . (35)
Equation (35) decomposes the rate of change of angu-
lar momentum into four contributions: accretion (τM˙ ),
Reynolds-type stress (τRe), external torques (τext), and
cooling (τcool). Accretion torque is due to the bulk flow
9of gas over a radially varying specific angular momentum
profile. The Reynolds torque is due to nonaxisymmet-
ric structures in the flow, particularly varying azimuthal
profiles of radial mass flux and specific angular momen-
tum. External torques in our case are completely due
to the presence of the binary companion. The cooling
torque τcool is a purely relativistic effect, representing
the loss of momentum to photons. It is small so long as
the rest-mass energy density is greater than the thermal
energy of the gas.
4.4. Ray-traced Spectra
Using the physical cooling prescription (12) gives us
the ability to self-consistently calculate the electromag-
netic emission of our minidisk models. Since the bulk
of the emission comes from the innermost regions of the
disk, a radiative transfer simulation in the curved space-
time of the black hole is necessary to accurately produce
an observational spectrum.
We follow the method of Kulkarni et al. (2011) and
Zhu et al. (2012) to perform the radiative transfer. We
set up an image plane a large distance d = 106M from
the central black hole. The flux through the image plane
is
Fν =
1
d2
∫
dAIν , (36)
where Iν is the specific intensity at the image plane. Null
rays kµ are integrated from the image plane through the
Schwarzschild spacetime to the disk surface at z = 0.
The effects of finite disk height were investigated in
Kulkarni et al. (2011), and found to be negligible for
moderate observer inclination angles i. Assuming vac-
uum between the image plane and disk, Iν/ν
3 is con-
served along each ray. We can then write
Fν =
1
d2
∫
dA
( ν
ν′
)3
I ′ν′ , (37)
where ν′ and I ′ν′ are the frequency and specific intensity
of the ray, respectively, as measured in the comoving fluid
frame of the disk. In our cooling model (12) the radiated
emission is blackbody and isotropic in the rest frame of
the gas. Hence,
I ′ν′ = Bν′(Teff) =
2ν′3
exp (ν′/kBTeff)− 1 , (38)
where
Teff =
(
Q˙cool
2σSB
)1/4
. (39)
Altogether,
Fν =
1
d2
∫
dA
2ν3
exp (ν′/kBTeff)− 1 . (40)
The frequency ν′ is obtained from the null ray kµ. With
uµ the velocity of the disk, uµim the velocity of the static
image plane, and kµ(xim) and k
µ(z = 0) the values of kµ
at the image plane and disk, respectively:
ν′ =
uµkµ(z = 0)
uµimkµ(xim)
ν . (41)
The image plane is an elliptical grid of points laid out in a
similar manner to Kulkarni et al. (2011) at d = 106M and
inclination i = 0◦, 15◦, 30◦, 45◦, 60◦, 75◦ arranged nor-
mal to the radial direction. In Cartesian coordinates
local to the image plane the grid points are located at
xjk = bj cosφk and yjk = bj cos i sinφk. The points bj
are logarithmically distributed between 2M and 400M ,
and the φk are distributed linearly in [0, 2pi). The ef-
fective temperature Teff and ratio ν
′/ν are calculated at
each ray’s origin point in the disk. Rays that lie out-
side the simulation domain are ignored and set to zero
specific intensity.
We do not consider the effects of the primary black
hole and the orbital motion of the simulation domain.
The effects of the former should be small given the or-
bital separation a = 100Mbin, and the effect of the latter
would be a orbital phase dependent doppler beaming on
the order of vbin.
5. RESULTS
The accretion rate through the inner boundary as a
function of time is plotted in Figure 9 for all primary
models. In the first few orbits the accretion rate is very
large, as the initial disk is disrupted by the tidal potential
and incoming accretion stream. This is typically followed
by a phase of highly variable behavior before accretion
settles into a quasi-steady state. Models 1 and 1.5 reach
their asymptotic accretion rates in the first dozen or-
bits, Model 2 after 17 orbits following a dynamic phase
described in Section 3.1, and Models 2.5 and 3 remain
highly variable for the duration of the simulation. The
asymptotic values of the accretion rate into the black
hole are always smaller than the injection rate M˙nozzle,
as some gas must leave the domain to carry away the an-
gular momentum of the accreted material. As M˙nozzle is
lowered, the fraction of material accreted onto the black
hole increases.
The amount and duration of variability increase as
M˙nozzle is reduced. This is in at least qualitative agree-
ment with the early work of Spruit (1987), who found
that the effective α-parameter induced by self-similar spi-
ral shocks scales like M−3/2. This implies that the vis-
cous time for the disks, the typical time scale for large-
scale evolution, is an increasing function ofM and hence
a decreasing function of M˙ . Our setup is not self-similar,
so we would not expect quantitative agreement.
In Figure 10 we plot the accretion timescale tM˙ =
Mdisk/M˙ as a function of M˙ for all primary models at
the end of their runs. The total disk mass Mdisk is cal-
culated by integrating the lab-frame surface density u0Σ
over the whole computational domain, and the accre-
tion rates are taken from the inner boundary. We see
that Models 2.5 and 3 have accretion timescales longer
than the runtime of the simulation, explaining the ex-
tended variability seen in Figure 9. A power-law fit to
the data gives a slope of −0.78±0.08. This is of relevance
to global Newtonian circumbinary accretion simulations,
which typically employ a mass sink that removes some
fraction of material every orbit.
5.1. Wave Propagation
As a first diagnostic we check whether the two-armed
spiral shocks adhere to the dispersion relation for tightly
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Fig. 9.— Accretion rate through the inner boundary as a func-
tion of time for Model 1 (blue), Model 1.5 (red), Model 2 (orange),
Model 2.5 (purple), and Model 3 (green). M˙nozzle for each model is
shown as a dashed line in the corresponding color. Variability lasts
longer and is of greater amplitude in disks with lower accretion
rates. Models 1, 1.5, and 2 establish a quasi-steady state.
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Fig. 10.— Accretion time tM˙ = Mdisk/M˙ as a function of M˙
for all models (blue plus signs), and power-law fit to the simulation
data (gray line). Models 1, 1.5, and 2 can accrete their entire disk
mass within the run time of the simulation (29Tbin) and achieve
quasi-equilibrium, unlike Models 2.5 and 3 with lower accretion
rates. The dependence of tM˙ on M˙ follows a rough power law of−0.78± 0.08.
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Fig. 11.— Pitch angle versus average Mach number for Model
1 (blue circles), Model 2 (orange plus signs), and Model 3 (green
triangles). Lines are the analytic prediction from the dispersion
relation for tightly wound linear waves for Model 1 (solid), Model
2 (dashed), and Model 3 (dotted). Spiral shocks propagate in a
nearly linear regime, with better agreement at higher Mach num-
bers and lower accretion rates.
wound linear waves given by Equation (32). The shock
detector (see Section 4.1) returns the azimuthal coordi-
nates of the leading Φi,lead(r) and trailing Φi,trail(r) edge
of each shock i = A,B. We consider the center of each
shock Φi = (Φi,lead + Φi,trail)/2. The pitch angle of a
spiral Φ(r) is
tan θ = − 1
rΦ′(r)
. (42)
We compute tan θi for each shock according to Equation
(42) by performing a numerical centered difference on
Φi(r). At each radius we compute the average Mach
number M as
〈M〉 = |u|
cs/
√
1− c2s
, (43)
where: |u| =
√
γµν〈uµ〉〈uν〉 .
In Figure 11 we plot the pitch angle of shocks found in
the minidisk simulations against the average Mach num-
ber of each annulus. We find good agreement between
the numerically calculated pitch angles and the theoret-
ical relationship (32), indicating that the shocks propa-
gate mostly in the linear regime.
5.2. Shock Dissipation
To quantitatively measure the coupling between the
spiral shocks and the bulk disk flow, we measure the irre-
versible heating at each shock in post-processing. Given
the shock locations, we compute the jump in specific en-
tropy ∆si = si,trail−si,lead over each shock at each radius.
To measure the specific irreversible heating over a shock
of strength ∆s Rafikov (2016) defines the parameter ψQ
for a Γ-law gas:
ψQ ≡ 1
Γ− 1
(
e(Γ−1)∆s − 1
)
. (44)
Then the specific irreversible heating at a shock is simply
TleadψQ. To determine the irreversible heating rate at a
shock, the specific heating rate must be multiplied by
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the mass flux through the shock surface Φ(r). When
summed over all the shocks in an annulus, one gets the
total irreversible heating rate:
Q˙irr =
∑
i
[
Σ
(
ruφ − rΦ′(r)ur)T ]
i,lead
ψQ,i . (45)
Figure 12 shows the radial profiles of ∆si, ψQ,i, 〈Q˙irr〉,
and 〈Q˙cool〉 for Model 2 averaged from 20Tbin to 29Tbin.
Note that 〈Q˙irr〉 does not include heating (cooling) due to
adiabatic compression (expansion) and advection. Both
∆s and ψQ vary over an order of magnitude through
the disk, reflecting the double-peaked radial distribution
seen in Figure 8. On average, ψQ ∼ 0.1.
The distribution of irreversible heating and cooling in
Model 2 has a much smoother radial dependence than
ψQ. The is reflective of the universal character of emis-
sion from thin accretion disks: the profile of 〈Q˙cool〉 for
a steady axisymmetric thin disk subject to local dissipa-
tion depends only on the accretion rate and black hole
parameters, not the particular form of the dissipation or
opacities. For comparison we plot the expected Novikov-
Thorne 〈Q˙NT〉 using the asymptotic value of M˙ from
Figure 2.
The heating and cooling are broadly similar over the
extent of the disk, with 〈Q˙irr〉 . 〈Q˙cool〉most often. Even
in a steady state one would not expect them to match
exactly, as some energy must be advected inwards. Both
〈Q˙irr〉 and 〈Q˙cool〉 agree with the Novikov-Thorne profile
in 12M . r . 30M but far exceed it in the inner disk as
r → rISCO, peaking at r ≈ 7.5M .
5.3. Angular Momentum Transport
Dissipation in the fluid flow is a sign of angular mo-
mentum transport and hence accretion. Indeed in every
simulation we find that the accretion rate through the in-
ner boundary (into the black hole) matched the accretion
rate through the outer boundary (matter injection from
the nozzle minus outflow). A quasi-equilibrium, where
the inner and outer accretion rates match, typically oc-
curred within a few (< 10) Tbin.
The relative strength of stress in an accretion flow is
typically measured by determining an effective Shakura–
Sunyaev (or Novikov–Thorne) α-parameter. The gravi-
tational forces of the companion, plus the global charac-
ter of the shocks providing the dissipation, make αeff a
somewhat imprecise notion. We present two measures of
αeff. First, following Ju et al. (2016), we calculate the αM˙
required at each radius for a Novikov–Thorne disk of the
same average temperature and accretion rate. Second,
Rafikov (2016) determines for shocked Newtonian disks
αQ˙ ∼ ψQ/3pi. We take this same prescription without
modification, as ψQ is a scalar quantity and hence frame
independent.
The radial profiles of both αM˙ and αQ˙ are plotted in
Figure 13 for the fiducial run. We see that they are
broadly similar across the disk, except near the ISCO at
r = 6M where αM˙ diverges owing to the singularity in
the Novikov–Thorne model.
To see the effect of the spiral shocks in detail, we
decompose the torques acting on the disk according to
Equation (35) (see Section 4.3 for details). Each of the
torques τM˙ , τRe, τext, and τcool can be measured directly
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Fig. 12.— Radial profiles of dissipative shock quantities in Model
2, time averaged from (20− 29)Tbin. Top to bottom: the entropy
jump ∆s, ψQ, and irreversible heating Q˙. The shocks A,B are
plotted in blue and orange dashed lines, respectively. The bottom
panel also contains the total irreversible heating according to Equa-
tion (45) (green solid line), the local cooling rate integrated over
each annulus 〈Q˙cool〉 (black dotted line), and the same quantity
from a Novikov–Thorne disk with M˙ = 0.75M˙2 in gray. Shock-
dissipated heat is nearly balanced by radiative cooling and roughly
follows the Novikov–Thorne profile until the inner r . 10M .
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Fig. 13.— Radial profile of effective α parameters in Model 2
measured from the accretion rate αM˙ (solid) and the local dissipa-
tion αQ˙ (dashed).
from Disco output. The Reynolds torque τRe in partic-
ular measures the angular momentum transport due to
nonaxisymmetric features. One can estimate the torque
due to spiral shocks from ψQ directly (Rafikov 2016):
τshock =
Q˙irr
vφ − ΩP . (46)
If angular momentum transport in minidisks is com-
pletely due to shocks, τshock should match τRe.
Alternately, one can ask what sort of local angular mo-
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mentum flux could account for the accretion and shock
heating in an azimuthally averaged sense (such as an
α-viscosity). Such a flux would be an addition tµν to
the gas stress energy tensor. Assuming, like the viscous
stress tensor, uµt
µν
non−id = 0 the energy and angular mo-
mentum conservation equations are modified to
∂t 〈Σuµ〉+ ∂r 〈Σur〉 = 〈Π∇µuµ〉 − Q˙cool + 〈tµν∇µuν〉 ,
(47)
∂t
〈
Σhu0uφ + t
0
φ
〉
+ ∂r
〈
Σhuruφ + t
r
φ
〉
= 〈fφ〉 . (48)
Identifying 〈tµν∇µuν〉 ∼
〈
trφ∂ru
φ
〉
with
〈
Q˙irr
〉
, one gets
the relation
τt = ∂r
〈
trφ
〉 ≈ ∂r ( Q˙irr〈∂ruφ〉
)
. (49)
Such a local model neglects the global structure of spi-
ral shock waves but may be interesting on the basis
of comparison, especially since it is the root of the α-
prescription.
We compare the predicted torque due to spiral shocks
given in Equation (46) to the measured τRe and τM˙ for
the minidisk models in Figures 14, 15, and 16. The mea-
sured torques are calculated by azimuthally integrating
grid quantities and centered differencing in r when nec-
essary. The predicted torques due to irreversible shock
heating, on the other hand, are calculated directly from
the entropy jump ∆s measured to calculate ψQ.
Model 1 is very near a steady state, with the accretion
torque τM˙ balanced by τRe, τext, and τcool throughout
the r < 100M region. The small contribution of τext
and τcool to the torque balance indicates that the bulk
of the angular momentum transport is provided by τRe,
a fact also true in Models 2 and 3. This alone indicates
the non-axisymmetric structures drive accretion in these
disks. The discrepancy in the balance between τM˙ and
τRe increases in Model 2 and again in Model 3, indicating
these disks are in much less steady states. In Model
3 they widely differ, and there is even a narrow region
undergoing deccretion.
The shock torque model τshock shows good agreement
with τRe + τext, especially for Models 1 and 2 where it
deviates by at most 30% in r < 60M . Even Model 3,
which is still evolving strongly in time, shows τirr agreeing
well outside the band 40M . r . 50M . We find the
local dissipation model τt does a poor job of predicting
the torque on the disk.
5.4. Spectral Comparison to Novikov–Thorne
As seen in Figure 12 the rate of cooling in the inner disk
r < 10M is in significant excess to the standard Novikov–
Thorne model. This naturally leads to the question as
to whether there is an observational difference between
a standard thin disk and one undergoing shock-driven
accretion. We calculate the observational spectrum of
each model using the ray-tracing methods of Section 4.4,
based on the method of Kulkarni et al. (2011).
An image of the specific intensity I0.1 keV for Model 2
at t = 28Tbin viewed at inclination i = 60
◦ is shown in
Figure 17. The total emission is dominated by the bright
inner region, and the two-armed structure is clearly vis-
ible. We generate the spectrum by integrating over such
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Fig. 14.— Time-averaged accretion torque τM˙ (black solid
line), Reynolds torque τRe (blue dashed line), external and cool-
ing torques τext + τcool (green dotted line), and predicted torque
from spiral shocks τirr (Equation (46); orange solid line) for Model
1. Time averaging was over (20 − 29)Tbin. The predicted shock
torques τshock follow the trend of the Reynolds torque τRe.
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Fig. 17.— Ray-traced image of Model 2 at ν = 1 keV. Shocks are clearly visible even near the black hole’s shadow. Relativistic beaming
increases the intensity of observed emission in material with velocities toward the observer.
images at several frequencies. The spectrum correspond-
ing to Figure 17 is shown in Figure 18.
The spectrum of each model at 28Tbin is plotted in Fig-
ure 18 with reference Novikov–Thorne curves. Each spec-
trum is calculated including only the region r < 40M ,
to ease comparison with the Novikov–Thorne model and
between models by removing the effect of variable outer
disk truncation. Each Novikov–Thorne spectrum is cal-
culated using the corresponding model’s accretion rate at
the inner boundary, time averaged over (20−29)Tbin. In
this comparison all model spectra are well characterized
by the Novikov–Thorne spectrum, except for a slight ex-
cess at ν > 10 keV. This excess is precisely due to the
large cooling rate at r < 10M seen in Figure 12, and
corresponds to the presence of shock-heated gas near and
within the ISCO.
5.5. Dependence on Inner Boundary Condition
Accretion onto a black hole has a well-defined physi-
cal inner boundary condition given by the event horizon.
This is advantageous for numerical studies, as it leaves
no choices for the investigator. Simply extend the nu-
merical grid through the horizon, and the metric will
prevent any information about the inner edge of the grid
from propagating outward into the observable simulation
volume.
Unfortunately, due to the CFL condition, this puts a
heavy penalty on the time step for the hydro evolution.
Gas near the horizon plunges radially inward at almost
the speed of light, so to capture the fastest modes in an
explicit time evolution scheme, the time step must essen-
tially be light limited. This makes long time evolution
very computationally expensive and reduces the advan-
tage of the azimuthal mesh motion in Disco.
To evolve for several binary orbits, we find it neces-
sary to move the inner boundary of the numerical grid
to r = 4M , above the event horizon. The choice of 4M
was made deliberately, as this is inside the sonic radius
of the flow. Inside the sonic radius characteristics are all
directed inward and the upwinded hydrodynamic evolu-
tion scheme prevents information from propagating out-
ward. This gives the same advantages as including the
event horizon on the grid, but with a far smaller time
step penalty. The inner boundary condition within 4M
is cold, isentropic inflow and matches the exterior solu-
tion very well.
To verify that our boundary condition does not affect
the global evolution, we mapped the Model 2 solution at
t = 25Tbin onto a new grid that does extend within the
horizon. This grid has rmin = 1.8M , and is referred to
as Model 2-bc. We evolve Model 2-bc for a single orbit,
to 26Tbin. The azimuthally averaged surface density and
radial velocity profiles of Model 2 and Model 2-bc are
shown in Figure 19. The Model 2-bc curves match those
of Model 2 and smoothly continue through the horizon
at R = 2M . This demonstrates the effectiveness of the
isentropic inner boundary condition, even when placed
above the horizon.
5.6. Numerical Resolution
To investigate the effects of numerical resolution, we
mapped Model 2 at t = 28Tbin to a grid with double the
resolution, 512 logarithmically spaced radial zones. The
simulation was run for four binary orbits, to t = 32Tbin,
and is denoted Model 2-hr.
Model 2-hr retains the strong two-armed shock struc-
ture. A similar clumpy accretion behavior develops as in
the early evolution of Model 2 (between 8 and 17 Tbin,
see Section 3.1). The remapping procedure upsamples
the Model 2 grid, necessarily producing some small–scale
noise. This may be sufficient to push the model out of
the quasi-equilibrium found by Model 2. The clumpy
accretion persists the length of the simulation, making
a direct comparison between Model 2 and Model 2-hr
difficult.
The azimuthally averaged lab-frame surface density
and radial velocity for Model 2-hr are also plotted in
Figure 19. The data are from t = 32Tbin, where it ap-
pears that the clumpy accretion is beginning to settle
down. The unsteady nature of the flow is demonstrated
in the radial velocity, where two regions can be seen with
net positive velocity. These fluctuations have little effect
on the density distribution, which remains in good agree-
ment with Model 2.
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Fig. 18.— Spectra of Model 1 (blue circles), Model 2 (orange plus signs), and Model 3 (green triangles) at t = 28Tbin, obtained by
integrating over the ray-traced intensity (e.g. in Figure 17). Solid lines are Novikov–Thorne spectra with M˙ of the inner boundary averaged
over 20Tbin to 29Tbin for each model. Only the R < 40M region is included in the integration, to remove the effect of truncation at the
outer disk edge. The inclination angle i = 60◦ and the distance D = 1 kpc. The data are consistent with the Novikov–Thorne profile at
low energies but show a high-energy excess, consistent with the increased shock dissipation and radiative cooling observed at r . 10M .
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Fig. 19.— Azimuthally averaged lab-frame surface density Σ
and radial velocity 〈vr〉 for Model 2 at 29Tbin (solid gray line),
Model 2-bc at 26Tbin (dashed blue line), and Model 2-hr at 32Tbin
(dotted orange line). Model 2-bc smoothly continues Model 2 into
the horizon even after an orbit of time evolution, indicating the
robustness of the inner boundary condition. The high-resolution
Model 2-hr develops time variability that does not settle down over
the duration of the simulation, but the overall density distribution
agrees well.
6. DISCUSSION
We have studied the accretion dynamics onto a black
hole in a binary system being fed by a circumbinary disk
using 2D GRHD simulations. We have demonstrated
the effectiveness of spiral shocks at driving accretion in
these black hole “minidisks,” in broad agreement with
recent Newtonian simulations in the context of CVs (Ju
et al. 2016) and circumplanetary disks (Zhu et al. 2016).
The primary additions of this work are confirming the
presence of shock-driven accretion when the disk is dy-
namically cooled, demonstrating that tidally driven spi-
ral shocks can propagate throughout the disk and into
the ISCO, enhancing emission of soft X-rays above the
Novikov–Thorne model, and numerically verifying in the
general relativistic case the relationship between disk
torque and shock dissipation predicted by Rafikov (2016)
for Newtonian disks.
We expect important aspects of our 2D simulations to
carry over to the 3D case, though fully 3D GR(M)HD
simulations of minidisks remain a topic for future study.
Analytic work has demonstrated that, while some wave
modes are refracted out of the disk by the expected verti-
cal temperature gradients, other modes will be channeled
and amplified by the same gradients (Lubow & Ogilvie
1998). Ju et al. (2016) performed a single Newtonian 3D
magnetohydrodynamic (MHD) simulation of a CV disk,
where strong spiral shocks were clearly present and pro-
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vided comparable torque to the MHD turbulence. Bae
et al. (2016) performed a suite of Newtonian 3D disks,
isothermal and adiabatic, subject to an m = 2 perturb-
ing potential. They found all spiral waves were subject
to an instability that disrupted the wave and generated
turbulence. The strength of the instability depended sen-
sitively on the thermodynamics of the disk.
Clearly more work needs to be done to determine the
role tidally induced spiral shocks play in accretion disks,
both relativistic and nonrelativistic. The results of Ju
et al. (2016), Zhu et al. (2016), and Bae et al. (2016)
seem to indicate that spiral shocks can be dynamically
important, either working in concert with the MRI and
essentially providing a lower bound on α, or by seeding
turbulence directly. The sensitive dependence on ther-
modynamics indicates that their ultimate role will be
highly dependent on the cooling mechanisms and equa-
tions of state of the material at hand.
In black hole disks, if the shocks propagate undis-
turbed, they can provide dissipation at the ISCO, lead-
ing to a high-energy radiative excess over the standard
Novikov–Thorne models. This may be relevant for spin
measurements of black hole X-ray binaries that rely on
continuum fitting. Three-dimensional GRMHD simula-
tions have also found MRI dissipation within the ISCO
and conclude that continuum fitting based on Novikov–
Thorne may mildly overestimate spins (Penna et al. 2010;
Noble et al. 2010; Kulkarni et al. 2011; Schnittman &
Krolik 2015). A recent report raises the possibility of a
shock in the outer, optically emitting region of LMC X-3
but found no similar evidence in the X-ray data (Steiner
et al. 2014).
Of relevance to SMBH binary detection, our results
confirm that the minidisk SED resembles a standard disk
blackbody apart from the high-energy excess (Figure 18).
Minidisks are soft X-ray sources undergoing orbital mo-
tion at potentially relativistic velocities. In the Earth’s
frame, relativistic beaming will induce a periodic varia-
tion in each minidisk’s emission that should be absent in
the emission from the global circumbinary disk (D’Orazio
et al. 2015). Discriminating the minidisk emission from
the circumbinary disk may be possible if the SED of
the entire system has a “notch,” as suggested in Roedig
et al. (2014). However, global Newtonian simulations
with Disco show that gas thrown off the minidisks can
impact and shock-heat the cavity wall, creating hot spots
that can smooth the spectrum (Farris et al. 2015b).
Emission of GWs shrinks the orbit of the binary, lead-
ing to merger in a time given by Equation (25), thousands
of orbits for the parameters in this work. We find that
spiral shock patterns establish themselves very rapidly,
in less than a single orbit of the binary, and can lead to a
quasi-steady state in dozens of binary orbits. This sepa-
ration of timescales implies that spiral shocks will remain
in quasi-steady state and drive accretion as the binary or-
bit secularly evolves. This should remain the case until
the binary begins evolving on an orbital timescale, when
the separation is tens of Mbin. In this regime our quasi-
Newtonian treatment of the binary potential ceases to
be valid and a fully general relativistic binary black hole
metric should be employed as in Farris et al. (2012); No-
ble et al. (2012); Zilha˜o et al. (2015).
After the LIGO discovery of GW150914 and
GW151226, electromagnetic counterparts to stellar mass
black hole binaries are of great interest (Abbott et al.
2016a,b). If a black hole binary exists in a gaseous en-
vironment, for instance, within an AGN disk (Bartos
et al. 2016; Stone et al. 2017) or post-supernova fall-
back (Perna et al. 2016), it will undergo circumbinary
accretion and minidisks will form, potentially producing
distinct radiative signatures.
7. SUMMARY
We performed general relativistic hydrodynamical sim-
ulations of accretion disks in the Schwarzschild metric
subject to tidal forces of a binary companion. These
disks, referred to as “minidisks,” were fed from a nozzle
at the L2 Lagrange point, modeling the accretion streams
feeding minidisks seen in circumbinary accretion simula-
tions. The tidal forces excited two-armed spiral shock
waves that propagate throughout the disk, generating
heat through dissipation, transporting angular momen-
tum, and efficiently driving accretion into the black hole.
The spiral shocks propagate primarily in the nearly
linear regime, agreeing with the relativistic generaliza-
tion of the WKB dispersion relation for tightly wound
linear waves. Measurements of the jump in specific en-
tropy across the spiral shocks provide a measure of the
irreversible heating of the disk. The cooling profile qual-
itatively follows the Novikov–Thorne profile in the outer
disk but maintains a significant excess of emission within
r . 10M . The angular momentum transport in all mod-
els is driven by the Reynolds stress due to the spiral
shocks, in agreement with the shock-driven torque model
of Rafikov (2016) to within ∼ 30%. The stress corre-
sponds to an effective Shakura–Sunyaev α-parameter on
the order of a few×10−2.
Accretion via spiral shocks is a purely hydrodynami-
cal effect, occurring without the need for magnetic fields
or radiation. Any disk in a binary system will be sub-
ject to tidal forces, and the ensuing spiral shocks can
carry a non-negligible portion of the angular momentum
transport budget. Spiral shocks can propagate through
the ISCO and may provide an emission excess over the
standard Novikov–Thorne models.
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